A connection between linearized Gauss-Bonnet gravity and classical electrodynamics is found by developing a procedure which can be used to derive completely gauge invariant models. The procedure involves building the most general Lagrangian for a particular order of derivatives (N ) and rank of tensor potential (M ), then solving such that the model is completely gauge invariant (the Lagrangian density, equation of motion and energy-momentum tensor are all gauge invariant). In the case of N = 1 order of derivatives and M = 1 rank of tensor potential, electrodynamics is uniquely derived from the procedure. In the case of N = 2 order of derivatives and M = 2 rank of symmetric tensor potential, linearized Gauss-Bonnet gravity is uniquely derived from the procedure. The natural outcome of the models for classical electrodynamics and linearized Gauss-Bonnet gravity from a common set of rules provides an interesting connection between two well explored physical models.
Motivation
Gauge invariance is a common characteristic among field theories of fundamental interactions. Electrodynamics has a unique property with respect to gauge invariance that will be called complete gauge invariance in this article. Complete gauge invariance occurs when the Lagrangian density, equation of motion and energy-momentum tensor are all gauge invariant [1] . Complete gauge invariance of the model is possible only when the Lagrangian density is exactly gauge invariant. Consider the Noether identity for a general potential Φ A [2, 3, 4] ,
This identity is the result of invariance of the action under simultaneous change of coordinates and fields. For a given coordinate change δx ν and corresponding change of fields δΦ A of the Lagrangian density, a conservation law will follow from the particular form of δΦ A , such as in the case of Lorentz translation the energy-momentum tensor is derived. All conservation laws follow from the expression under the total divergence.
The conservation law depends explicitly on the Lagrangian density which restricts gauge invariant energy-momentum tensors to those which have explicitly gauge invariant Lagrangian densities. In electrodynamics, L = − 1 4 F αβ F αβ is exactly gauge invariant, so this is not a problem.
The equation of motion for the spin-2 model [5] is gauge invariant under the transformation h ′ µν = h µν + ∂ µ ξ ν + ∂ ν ξ µ . For spin-2, the Fierz-Pauli Lagrangian density (L =
is not exactly invariant under a gauge transformation [6, 7] , even after a change of variables [8] . It is only gauge invariant up to the surface term
This is why the energy-momentum tensor is not gauge invariant [6, 9] . Often this fact is overlooked due to the common priority that only an equation of motion must be found which is gauge invariant. It will be shown in this article why for spin-2 there exists no exactly gauge invariant Lagrangian or gauge invariant conservation law; the canonical energy-momentum tensor depends explicitly on the Lagrangian density [4, 6] .
It is clear that exact invariance of the action is a special property, as indicated by electrodynamic theory. The motivation for the current work is as follows: develop a procedure such that an explicitly gauge invariant Lagrangian can be derived. From this procedure, models can be constructed that are invariant under a desired gauge transformation. The power of this procedure is highlighted by a result that was not foreseen by the development of the procedure; the model constructed from a general Lagrangian density which is quadratic in second order derivatives of a symmetric second rank tensor potential (i.e. ∂ α ∂ β h µν ∂ α ∂ β h µν ), and invariant under the spin-2 gauge transformation, is uniquely the linearized Gauss-Bonnet gravity model. The GaussBonnet gravity model is a frequent topic in the physics literature [10, 11, 12, 13] ; a connection between linearized Gauss-Bonnet gravity and classical electrodynamics can
give some additional insight into the significance of the Gauss-Bonnet model.
A Procedure For Gauge Invariant Lagrangian Formulation
To derive a completely gauge invariant model, a procedure was developed that would yield an exactly gauge invariant Lagrangian, equation of motion and energy-momentum tensor. We restrict our attention to Poincaré invariant field theories. The procedure involves defining a linear combination of all possible contractions of terms quadratic in derivatives of fields (i.e. for a model built using a vector potential quadratic in first order derivatives, such as ∂ µ A ν ∂ µ A ν ). Once the general Lagrangian is constructed, a gauge transformation is applied, and a linear system of equations is obtained. This leads to specific coefficients that will yield a gauge invariant Lagrangian. From here, we obtain a gauge invariant equation of motion, and Noether's theorem is used to derive an energy-momentum tensor [2, 3] . The procedure can be applied for any order N of derivatives/ rank M of tensor potential.
For a model built using a vector potential which is quadratic in first order derivatives ∂ µ h νγ ∂ µ h νγ ), this procedure yields only L = 0. It is possible to modify this procedure to consider Lagrangian densities which are invariant up to some surface term (such as the Fierz-Pauli action), but this does not concern completely gauge invariant models.
While spin-2 does not have an explicitly gauge invariant action, a symmetric second rank potential h νγ does in fact belong to a completely gauge invariant model for N = 2, M = 2, which requires higher order derivatives in the general Lagrangian (N = 2, 
where a, b, c are arbitrary coefficients. Imposing a gauge transformation A ′ µ = A µ + ∂ µ φ yields a Lagrangian density which can be organized by the original terms (L),
where L is given in (2) . A system of equations is derived such that if all of the δ g L cancel, an exactly gauge invariant Lagrangian density will be obtained. In other words, we must solve for δ g L = 0. In order to satisfy this condition, we require a + c = 0 and b = 0, thus c = −a. The resulting Lagrangian density can be factored to
What we find is that the Lagrangian density is exactly the form of classical electrodynamics. The arbitary coefficient a allows for the standard coefficient of the
F µν F µν . The choice of the standard coefficient is fixed by equation of motion (Maxwell's equations) and the energy-momentum tensor
The electromagnetic energymomentum tensor and all other conservation laws related to conformal invariance of
Maxwell's equations were first derived from Noether's theorem by Bessel-Hagen [14] .
This also can be derived from the canonical Noether energy-momentum tensor after implementing the Belinfante improvement [15] . The procedure therefore can be used to derive a completely gauge invariant model with no free coefficients, in the case of N = 1 and M = 1, classical electrodynamics.
For a model with N = 1 and M = 2 (i.e. tensor field theory based on symmetric h νγ ), the Lagrangian is a scalar which is quadratic in first order field derivatives (i.e.
. Avoiding redundant contractions yields [16] ,
where A, B, C, D, E are arbitrary coefficients. Imposing a spin-2 gauge transformation h
vanish in order for a gauge invariant expression to be derived. For clarity, common terms are combined and the D'Alembertian operator ( = ∂ µ ∂ µ ) is introduced. The resulting Lagrangian density is,
This equation leads to the homogenous linear system which has either a trivial solution, or a non-trivial solution with free parameter(s). The trivial gauge invariant Lagrangian L = 0, is the only gauge invariant expression. This is the expected result because spin-2 is well known to have an action which is gauge invariant only up to a surface term [9, 6] . We can find this surface term by using integration by parts, leaving us with a total divergence and some remaining terms,
We solve for the coefficients such that the terms not under the total divergence are identically zero. Solving this system of linear equations we have C = − − B with only one free parameter B. We are left with a one parameter family of Lagrangian densities which is invariant up to the surface term,
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The coefficients used to ensure the Lagrangian is invariant up to a surface term from (4),
We note that for particular value of the free parameter B = 0, the Fierz-Pauli
Lagrangian is recovered identically. Having a Lagrangian which is explicitly gauge invariant is likely related to the ability to construct a field strength tensor, as will be emphasized during the construction of the gauge invariant model in the following section.
Absence of a gauge invariant Lagrangian seems to imply an inability to construct a quadratic combination of independently gauge invariant field strength tensors. The notion of the field strength tensor in a physical model has be alluded to as a physics necessity in the past [17, 18, 19] ; the current work can give some more insight into these observations.
Derivation for
For a model with N = 2 and M = 2, the Lagrangian is a scalar which is quadratic in second order field derivatives (i.e. ∂ µ ∂ ν h αβ ∂ µ ∂ ν h αβ ). This can be built from the Lagrangian of the form 
A spin-2 gauge transformation h ′ µν = h µν + ∂ µ ξ ν + ∂ ν ξ µ is then applied. The δ g L consists of 10 unique terms which result in a system of 10 linear equations. These equations decouple into 3 independent systems which we will call i), ii) and iii), each of which are solvable with one free parameter. Not a single coefficient C n is zero in the case of a nontrivial gauge invariant Lagrangian (δ g L = 0). Each of the independent system of linear equations can be solved, i) C 12 = −2C 11 , C 13 = C 11 , ii) C 4 = 2C 2 , C 5 = −4C 2 , C 6 = C 2 , C 7 = −4C 2 , C 9 = 2C 2 , C 10 = 2C 2 and iii)
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The 3 combinations can be factored into contractions of a fourth rank, second rank, and zeroth rank tensor. The motivation is to have each term expressed as the contraction of two field strength tensors. The result of this,
shows 3 expressions which are familiar to Riemannian geometry. They are the linearized terms of the Riemann tensor
and Ricci scalar R = η νβ R νβ = ∂ µ ∂ ν h µν − h. Using these linearized Riemann/Ricci tensors, and rewriting the free coefficients asã,b andc we have,
which allows for an infinite number of possible models to be developed. The goal of this work is specific, to find unique combinations which lead to completely gauge invariant models. This condition will now be used to specify possible Lagrangian densities, by use of Noether's theorem. Referring again to (1) we have the conservation law for N = 2, M = 2,
The first term is gauge invariant because the Lagrangian density is explicitly gauge invariant. The second term can possibly be gauge invariant depending on transformation of the fields ∂ λ δh ρσ since there will be second order derivatives of h ρσ . From (12) we calculate,
Two identities can be used in the following calculations which are equivalent to the Bianchi identities:
These identities allow for all of the tensors to be expressed as derivatives of the Ricci tensor. Using (14), we have for the second term in (13),
If we simply use the canonical transformation δh ρσ = −∂ β h ρσ δx β we will not have a gauge invariant expression, as in the case of the canonical Noether energy-momentum tensor in electrodynamics. Since we have an explicitly gauge invariant Lagrangian density, the Bessel-Hagen method [14, 20] can be used to derive transformations of the h ρσ which leaves the second term in the conservation law gauge invariant. This procedure involves solving for the field transformations such that coordinate invariance and gauge invariance is simultaneously preserved. The field transformation δh ρσ = −∂ β h ρσ δx β +∂ ρ ξ σ +∂ σ ξ ρ with the most general vector ξ σ =Ãh σβ δx β +Bhη σν δx ν must be substituted into (15) and solved for the parameters which preserve gauge invariance. We have a unique gauge invariant solution forÃ = 1,B = 0. Remarkably the solution is that this transformation is exactly
is the linearized Christoffel symbol. For the second term in the conservation law we now have,
The expression in brackets is manifestly gauge invariant without restriction of the free parametersã,b,c. We now consider the third term in (13) with the transformation
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The energy-momentum tensor can only be made gauge invariant with respect to the transformation h (17) vanishes because second order derivatives of the potential are required for an expression invariant under this transformation [6] .
The only way for (17) to vanish is therefore to fix the free coefficients of the Lagrangian density. There is a solution such that (17) is identically zero (leaving the energymomentum tensor in lowest integer),ã = 1 4
which is the linearized form of the Gauss-Bonnet Lagrangian! It was first discovered by Cornelius Lanczos in 1938 [21] , and has subsequently been a point of interest in many areas of both physics and mathematics [11, 12, 13, 22, 23, 24] . From Noether's theorem a symmetric, conserved and gauge invariant energy-momentum tensor is derived,
The Belinfante procedure for higher order gravity can also be used to obtain this energy-momentum tensor [15, 4] , as well as the Fock method for deriving an energymomentum tensor which is symmetric and conserved on shell [25, 26] . From both methods the resulting energy-momentum tensor is exactly what we have in (19) .
Just like in classical electrodynamics the procedure for N = 2, M = 2 allows for the derivation of a completely gauge invariant model, where the energy-momentum tensor is symmetric, conserved and gauge invariant. The energy-momentum tensor presented in (19) is a well known expression to string theorists for several decades [27, 28, 29] . The fact that it follows from a procedure originally developed for deriving completely gauge invariant models in relativistic field theories (such as electrodynamics) was a completely unforeseen result. The connection between electrodynamics and Gauss-Bonnet gravity models, as well as the meaning of this connection, is worth further investigation.
Conclusions
A procedure was developed for building completely gauge invariant models by imposing gauge invariance and Noether's theorem to general scalar Lagrangian densities. The electrodynamic Lagrangian density is shown to that follows from this procedure for N = 1 and M = 1, which leads directly to the completely gauge invariant theory. A major characteristic highlighted by the developed procedure is the importance of a Lagrangian that is exactly gauge invariant in physical field theories; not simply invariant up to some surface term. This is explicit, but rarely discussed, in the from of the canonical energy-momentum tensor. The first term in (13) 
